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Abstract 

Here we define a Caputo like discrete nabla fractional difference 
and we produce discrete nabla fractional Taylor formulae for the first 
time. We estimate their remaiders. Then we derive related discrete 
nabla fractional Opial, Ostrowski, Poincare and Sobolev type inequal- 
ities. 
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1 Introduction 

Here we follow [4J. 

We define the rising factorial 



t n =t(t + l)...(t + n-l), neN, 



and t° = 1. In general, let a G E, then define t a = r ^ffi , t G M — 
{...,-2,-1,0}, and s = 0. Note that V (t 5 ) = at^ 1 , where Vy (t) = 
y(t)-y(t-l). 

For fc = 2,3, define V fc inductively by V fe = VV* -1 . Thus V*/ (t) = 

Jfc 



/(t-m). 



Set p (s) = s — 1, we define the n-th order sum of / (t) by 

-p(s)Y 

(n- 1)! 



vr/w = E (t 7,-'r' /w- w 



where £ > a, n G N. 

In general we define the z^-th order fractional sum of / by 

vr/w = E (i "w!l r ' /w, (2) 



where ^ > non-integer, t > a. 

We define the fractional Caputo like nabla difference for \x > 0, m — 1 < 
fi < m, m = , [.] the ceiling of number, m G N, v = m — /i, as follows 

V^/(t) = Vr"(V m /(t)) J «>o. (3) 

We mention 

Definition 1 (UV) Here A m is the m-th order forward difference operator, 
m G Z+, 



m , x 



i) m_fc f(t + k), teZ. 



Define t^ = rfft-l) , teR- {..., -2, -1}, a > 0, so tfia* 
= t (t - 1) ... (t - n + 1), for n G N. 
iVote thatt"= (t + a-l) (a) . 
Define for v > i/ie operator 



2 



We also observe that 

A rn f {t-m)= V"7 (t), V m G N. 
We need the law of exponents. 
Theorem 2 (^j) Let f be a real valued function, and let [i, v > 0. Then 

vr (v-"/ (*)) = v-^/ (t) = (vr/ (0) , (5) 

/or all t > a. 

We also mention the discrete Taylor formula 

Theorem 3 (fM/) Let f : Z — > R fre a function, and let a G Z. Then, for all 
t G Z tyit/i t > a + to, £/ie representation holds, 

m-l (i _ \k t 

fc=0 ' ^ >' r=a+l 

2 Main Results 

We present the following discrete backward fractional Taylor formula 

Theorem 4 Let f : Z —>■ M. be a function, and let a G Z. i/ere to — 1 < /i < 
m, m = |"//| ; fi > 0. T/ien, /or all t G Z urat/i t > a + m, the representation 
holds, 

m— 1 fj._\k 1 * 

fc=0 r=a+l 

Proof. We notice that 

Vj&Vj^j./ (t) = v^v^v™/ (t) 
(byJ3) v: (M + m-M) ym/ (t) = Va --V m / (t) , (8) 
true for t > a + 1. 



But 

V a TiV"7 (t) = j^-, E - T + 1)^ V m / (r) , (9) 

v >' T =a+1 

and 

V a+iVf ffi+1) J (*) = r^ E (*-r+ if* Vf a+1) ./ (r) , (10) 

where £ > a + 1 . 

Then we apply Theorem [3j 
The claim is proved. ■ 

Corollary 5 (to Theorem^. Additionally assume that V k f (a) = 0, for 
k — 0, 1, m — 1. TTien 

i * 

/ (*) = rTTTT E (* - T + V ( a+ D*/ ( r ) » V t > a + m. (11) 

W T =a+1 

We need 

Lemma 6 ([41) Let < m — 1 < u < m, m = \v~\, a £ N, / defined on 
N a = {a, a + 1, ...}. T/ien 

V/(* + f)=V/W. VtGN a . (12) 
Theorem 7 (JlJ/j Let p <E ~N : v > p. Then 

A p (A;7W)=A>- p) /W. (13) 

We give 

Theorem 8 Lefp G N : i/ > p, a e N. T/ten 

V p (V-V(*))=V-^/(t), (14) 

/or £ e N a . 
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Proof. We notice that 

v p (vr7(f)) = A* (v-v) (t-p) 
(by jaj AP (A _ V (t _ p + ^ = (A p A - v) (i _ p + ^ =: A 

Also we see that 

v _(,_ p)/ (t) (by JD) A _ ( ,_ p)/ (t + ^ _ p) = . B 

But A = B by (|13[) . proving the claim. ■ 
We make 

Remark 9 We have 

yP I (t-af ) = yP ( (t + k-l-af y 



k\ I V fc! 

1 -a- //) :/ ' : \ _ (t + A;-l-a-j9) (fc - p) _ (t-a) 1 ^ 
"jfc! j ~ (k-p)\ ~ (k-p)\ 



for k > p. 

That is _ 

* { < i5 » 

We have established the following discrete backward fractional extended 
Taylor's formula. 

Theorem 10 Let f : Z — > R be a function, and let a G Z + . i/ere m — 1 < 
fM < m, m — fj, > 0. Consider p G N : /x > p. T/ien ; /or all t > a + m, 
t G N, £/ie representation holds, 
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Proof. By Theorem [S] and (TT51) . ■ 

Note. When a G Z+, and for p = put on (|T6l) we get 



Corollary 11 (to Theorem [TU\) . Additionally assume that V k f (a) = 0, for 
k — p, ...,m — 1. T/ien 

VV (t) = f7 ^— r £ (t-r+ l)^" 1 Vf a+1) J (r) , V t > a+m, t G N. 

v" W T=a+ l 

(17) 

Remark 12 (^o Theorems^ HU\) . Let f be defined on [a — m + 1, a — m + 
2, ...,&], a discrete closed interval, where b is an integer. Then |7p and j[Tb)) 
are valid only for t G [a + m, b\. Here we must assume that a + m < b. 

Remark 13 We would like to find 

t t-i 

£ (t-r + l)~= £ ( t _ r+ l)~ + (l)~ = 

T=£l+1 r=a+l 

E (t-r + ir T +ro.)= E r ( ':ltil + r M- («> 

r=a+l r=a+l ^ ' 

So still to find 



t-i 

r= a+i r (* - r + 1) 
VKe toiZZ use £/ie following formula 

r(x + i) i f r(x + 2) r(x + i) 



A'-=V T J~ T + Ii l (19) 



(20) 



r (x - fe + 1) (k + l) \T(x-k + l) T(x-k) 



where x > k, x, k G R : > —1, x > — 1. 

So /or calculating A we set x := t — t + p — 1, k := p — 1. VFe observe 
here that x > —1, k > — 1 and x > k. Also we see that x + 1 = t — t + p and 
x — k + 1 = t — r+1. So we have 

r(t-r + p) r(x + i) i /T(t-T + ji + i) r(£-T + A*)\ 

(21) 



r(t-r + i) r(x-fc + i) r(t-r + i) r(t-r 
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for all t G {a + 1, t — 1}. 
Consequently we get 



A _ i r/r(t-a + ^) r(t-a-i + /i) 

~~ \ V r (t - a) r(t-a-l) 

r (t - a - 1 + /i) r (t - a - 2 + fj.) 

T(t-a-l) r (t - a - 2) 

r (t - a - 2 + //) r (t - a - 3 + /i) 
T (t - a - 2) T (t - a - 3) 

r(^ + 2) r (// + ! )' 
r(i) 



+ 



r(2) 

(telescoping sum) 

1 f T (£ — a + jj) 



ji \ Y {t — a) 



-r(/* + i) 



r (t — a + /i) 
/if (£ — a) 



r( M ). 



4 = r(t-a + /i)_ r(/i)- 



Hence we have found that 



/xr (t — a) 
^ r(£-a + /i) (t-aY 



r=a+l 



/ir (£ — a) 
We give 

Corollary 14 ffo T/ieorem^]). VFe get 

(t - of 



m— 1 



fc=0 



< 



max 



r (/i + 1) re{o+l,...,t} 



Vf a+1) J(r) . (25) 



Proof. Use of (Ej) and 
Corollary 15 (fo Theorem XW) . It holds 

(t - af^ 



m—l 



k=p 



(k- P )\ 



< 



max 



r (/i - p+ 1) re{a+l,...,t} 



(22) 
(23) 

(24) 



V (a+l)* 



/(r 
(261 
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Proof. Use of (jTSjl and (121). ■ 

We present a discrete fractional Opial inequality 



Theorem 16 Let fi > 2, m = > 3; p G Z + : \i > p\ a G Z + . i/ere f is a 
real valued function defined on {a — m + 1, a — m + 2, ...}. i/ere t > a + m, 
t EN. Assume that V k f (a) = 0, for k — p, m — 1. 

Lei 7, 5 > 1 : ± + § = 1; C (r) > for r = a + 1, t; and D (t') > for 
t' = a + m, ...,t. Put 



0(f,a,p,p,C,7):= ( E [(t-r + ir^ 1 ^^))- 1 



\T=a+l 



, £ > a + m, 
(27) 



r=a+l 



, t > a + 1; 



(28) 



G (t, a, ™, a) := 2 (t) -a 2 (a + m- 1)) + (9»(t - 1) - g*(a + m - 2)) + 



2 [g{t)g{t - 1) - g(a + m- l)g(a + m- 2)] , t>a + m. (29) 



Ca// a/so 



r (u — p) \ 

vr- /-y \i'=a+m 



t 



, t > a+m. 
(30) 



Then 



E £ (0 |V P / (01 | Vf a+1) J (0 1 < K (t) (G (t, a, m, , (31) 

t'=a+m 

for t > a + m. 

Proof. By (fT7|) we have 



T=a+1 
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r=a+l 

(by discrete Holder's inequality) 



rO*-j>) 



vT =a+l 



t 



= 6>(t,a,^,p, C, 7) 

r - p) 

We have put 



VT =a+l 



V T=a+l 



, V t > a + m. 



= E Vf a+1) J(r) 

r=a+l 

which is nondecreasing in £ > a + 1 > a — m + 1. 
It holds 



Hence 



Vs(t) = (C(t)) 5 Vf a+1) J(t) , te{a + l,...}. 



Vf a+1) JW =(V^(t))^(C(t))- 1 



We observe for a + m < t' < t that 

t 



E 0(01^/(01 vf a+1) j(o 



t'=a+m 



< 



£ (0 g^a ^C.T) (5 (V5 (0)J (c (0) -i < 

t'=a+m ^ 

(by discrete Holder's inequality) 



1 



r (a — p) \ , 



(36) 



\t'=a+m 

By m > 3 notice that a + m — 2 > a + 1. 
We define the discontinuous function 



il>{x)=g (?) + V# (0 (x - t' + 1) , for i 6 [f - l,t'} 

a closed interval of M, and for i' = a + m — 1, a + m, ... . 

So ip(x) =g (? + 1) + V# (£' + 1) (x - f), for x e [£', f + 1], and notice 
that i\) (If-) = 2g (?) - g (? - 1), while ip (tf+) = g (? + 1); thus tp in general 
is discontinuous. Also see that ift' (x) = Vg(?), for x G [? — 1,?], for 
tf — a + m — 1, ... . 

Here # (i) , V# (t) > 0. 

We further observe that 

g(?) + (2g(?)-g (?-!)) 3g (?) - g (if - 1) 



5 (0 < 

for ? — a + m — 1, ... . 
The last means that 



g(t')< / ip(x)dx, for t' = a + m — 1, .. 
it'-i 

Consequently, we get 



(0 V# (*') < / ij)(x) i) (x) dx 



(i,(x)f 



t'-i 



t'-i 



ip (x) dip (x) = 



t'-i 



^(t>)f-(iP(t'-l)t 



That is 



g (0 V 5 (0 < - [{if, (t')) z - (V (f - l))'j , for ? = a + m - 1, ... 



Therefore 



(37) 



(38) 



(39) 



(40) 



t'=a+m 



t'=a+m 
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= 2 [((^ ( a + m )) 2 - (a + m - l)) 2 ) + ((^ (a + m + l)) 2 - (a + m)) 2 ) 
+ ((</> (a + m + 2)) 2 - (ij; (a + m + l)) 2 ) + ... + ((i> (t)) 2 -(ip(t- l)) 2 )] 
= \[^{t)f-^{a + m-l)f] 

= ±[(2g(t)-g(t-l)f-(2g(a + m-l)-g(a + m-2)) 2 } 

= 2 (g 2 (t) - (a + m - 1)) + i fo 2 (t - 1) - g 2 (a + m - 2)) 

-2[^(t) 5 (t-l)-y(o + m-l)^(o + m-2)]. (41) 

That is 

t 

9(t')Vg(t')<2(g 2 (t)-g 2 (a + m-l)) 

t'=a+m 

+\ (g 2 {t-l)-g 2 (a + m-2))- 

2[g(t)g(t-l)-g(a + m-l)g(a + m-2)], Vt>a + m. (42) 

The last proves the claim. ■ 
We give 

Corollary 17 (to Theorem lTb]) . Here f is a real valued function defined on 
{-2, -1, 0, ...}, t > 3, t e N. Assume f (0) = / (-1) = / (-2) = 0. Put 

S(f,2.5):=^[(f-r + lf] 2 j , t > 3, (43) 

i 

^):=E( v i* 5 /( r )) 2 > ^ ( 44 ) 

T=l 

G (t, 3, g) := 2 («f (t) - <f (2)) + ^ 2 {t-l)-t{l)) 

+ 2[g(t)g(t-l)-g(2)g(l)}, i > 3. (45) 



11 



Call also 



Then 



K(t) 



3 v^ \{ 



£(#(t',2.5)) 2 , f>3. 



(46) 



t'=3 



£l/(Ol|V 2 * 5 /(0| <K(t)(G(t,3,g)y , fort>3. (47) 



t'=3 



Note. Above in gSJ) we have g(l) = tt(/(1)) 2 . 

Next we present a discrete fractional nabla Ostrowski type inequality. 

Theorem 18 Let m — 1 < /i < m, m = ; non integerer fi > 0; p, a G Z + 
fi > p. Consider 6 6 N swc/i i/iat a + m < b. Let f be a real valued 
function defined on [a — m+1, a — m + 2, b]. Here j G [a + m, ...,&]. /Issttme 
£/iat V fc / (a) = 0, /or A; = p+ 1, m - 1. 
Then 

1 6 

£ v^(j)-v p /( ( 



(b — a — m) . 



j'=a+m+l 



< 



(6 -a) 



max 



r (/■* — p + 2) (b — a — m) \r&{a+i,...,b} 
Proof. By (fT6|) we have 



T 



V p / (j) - V p f (a) 



T(fi-p) 



r=a+l 



for all j G [a + m + 1, a + m + 2, 6]. 
We get that 



(48) 



£ (i-^r^V^/CT), (49) 



1 



b — (a + m) 
1 



j'=a+m+l 
6 



(6 — a — m) 



£ (V P /(j)-V p /(a)) 



j=a+m+l 
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r (fi — p) (b — a — m) . 



E E O'-r+ir^vf^/w . (50) 



j=a-\-m+l \T=a+l 



Therefore we obtain 



1 



(b — a — m) 



E V7(j)-V/( f 



1 



j=a+m+l 
l> / 3 



< 



T (/i — p) {b — a — m) 
1 



E E o---+ir p " vf Q+1) j(r 



j'=a+m+l \r=a+l 

b / ; 



r (// — p) (b — a — m) 



E E w-r+ir^ 1 



Vj'=a+m+l \r=o+l 



max 

re{o+l,...,6} 



(by 01) 



T (/i — p + 1) (b — a — m 



E 



\j=a+m+l 



max 

re{a+l,— ,6} 



(by Lemma 19 of [T]) 



1 



T (/i — p + 2) {b — a — m) 



Vf 0+1 )J(r)|) 



(V 



max 

r£{a+l,...,b} 



proving the claim. ■ 

Next we give a discrete nabla fractional Poincare inequality. 



< 



(51) 



Theorem 19 Let pi > p, p G Z +; /x non-integer, m = |~/x] ; a G Z + . i/ere 
/ : [a - m + 1, a - m + 2, b] R; a + m < b, b e N, and V k f (a) = ; 
k — p, m — 1. 
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Let 7, 5 > 1 : ± + | = 1. T/jen 



E |V p /(j)| 5 < — - 



j=a+m 



j=a+m \r=a+l 

b 

E l v ; + .)./< T 



E E (o-^+D 



vT =a+l 

Proof. We have by (HTJ) that 



VP/0) = rF=^) E W 

vr- /-/ T =a+1 



V j 6 [a + m, a + m + 1, b}. 

1 + j 



Let 7, 5 > 1 such that - + 4 = 1. 



We observe that 

i VP / < E x - ^ + ^ I V U ./ w 

(by discrete Holder's inequality) 



< 



1 



1(3 



r(/i-p) 



E (o-t+i)"-'- 1 ) 7 • E K +1 >./(- 



vr=a+l 



vr=a+l 



I.e. it holds 



|V p /(j)| 5 < ' 



(r(^-p)r v. 



K r=a+1 



E (o'-^+ir p_1 



a+l 
5 > 



< 



E (o'-r+ir 1 ) 7 )- 



vT =a+l 



v T=a+l 
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V j 6 [a + m, b], a discrete interval. 

Applying Ylj= a +m 011 both ends of (1551) we establish (152|) . ■ 
It follows a discrete nabla Sobolev type fractional inequality 

Theorem 20 Let pi > p, p 6 Z +; /x non-integer, m = |~//|; a G Z + . i/ere 
/ : [a-m+1, ...,b] -> E; a + m < fe, & G N, andV k f{a) = 0, k = p,...,m-l. 
Let j, 5 > 1 : - + g = 1, and r > 1. TTien 



< 



r (// - p) 



E E (o-^ir"- 1 



j'=a+m \r=o+l 



E I v U/m 



\r=a+l 

Proof. By (154|) and r > 1 we have 



(56) 



(rGu-p)) T 



E (O'-r+l) 



VT =a+l 



E | V (a + i)J( r ) > VjG [a + m, ...,&]. 



(57) 



Consequently we get 



j=a+m \r=a+l 



E \ ^(a+l)*f 



E E (o-^+D 



\T=a+l 



(58) 



proving the claim. ■ 

We finish with the following discrete nabla fractional average Sobolev 
type inequality. 
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Theorem 21 Let < /x 1 < p 2 < ... < p fe non-integers; mi = \fJ>{\, I = 
1, k, k G N. Assume V T / (a) = 0, /or r = 0, 1, — 1, where f : 
[a - m k + 1, b] — > R; 6 6 N, a G Z + . Let r > 1; Q (s) > defined on 
[a + 1, b], I = l,...,k; a + m k < b. 
Call 

Bl := E ^W(vg +1> /(r) Na 



5* := max 



KKfc 



and 



Then 



T=a+1 



{ 



(r fa))' 



E ( E 



j=a+mi \r=a+l 
1 



p := max 

KKk 



Cdr) 



oo,[a+l,6] 



r,[a+m k ,b] — V P I fc 



(59) 



Proof. We see that also V T / (a) = 0, r = 0, 1, mi — 1, £ = 1, fc — 1. 
So the assumptions of Theorem [20] are fulfilled for / and fractional orders 
p h I = 1, fc. Thus by choosing p = and 7 = 5 = 2 we apply fl56|) . for 
I = 1, k, to obtain 



£ I/O")!' 



< 



r(/* { ) 



E E (o'-t+d*- 1 



j=a+m l \r=a+l 



Hence it holds 



E ( V (a + l)J(- 



(60) 



vT =a+l 



E i/oor 



< 



Vj'=a+m; 



(rfa))' 



E E {u-r+ir- 1 



j=a+mi \r=a+l 
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r=a+l / \ r =a+l 

\T=a+l 

*v ( E c < w ( v S+i)j o 



r)) 2 I < 



v T=a+l 



That is 



E i/ot) < E i/oor) < 

*V( £ Q(r)(v^ +1> /(r)) 2 ) for Z = 1, fc. (61) 

\r=a+l / 

Hence 

\\f\\ 2 r, [a+mk M < W {^f^\ ( 62 ) 

proving the claim. ■ 
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